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Abstract We analyze a quantum system of N identical spinless particles of mass m, in the
lattice Zd , given by a Hamiltonian HN = TN +VN , with kinetic energy TN ≥ 0 and potential
VN = VN ,2 +VN ,3 composed of attractive pair and repulsive 3-body contact-potentials. This
Hamiltonian is motivated by the desire to understand the stability of quantum field theories,
with massive single particles and bound states in the energy-momentum spectrum, in terms
of an approximate Hamiltonian for their N -particle sector. We determine the role of the
potentials VN ,2 and VN ,3 on the physical stability of the system, such as to avoid a collapse
of the N particles. Mathematically speaking, stability is associated with an N -linear lower
bound for the infimum of the HN spectrum, σ(HN ) ≥ −cN , for c > 0 independent of N .
For VN ,3 = 0, HN is unstable, and the system collapses. If VN ,3 = 0, HN is stable and,
for strong enough repulsion, we obtain σ(HN ) ≥ −c′N , where c′N is the energy of (N /2)
isolated bound pairs. This result is physically expected. A much less trivial result is that,
as N varies, we show [ σ(VN )/N ] has qualitatively the same behavior as the well-known
curve for minus the nuclear binding energy per nucleon. Moreover, it turns out that there
exists a saturation value Ns of N at and above which the system presents a clustering: the N
particles distributed in two fragments and, besides lattice translations of particle positions,
there is an energy degeneracy of all two fragments with particle numbers Nr and Ns − Nr ,
with Nr = 1, . . . , Ns − 1.
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1 Introduction and Results
Traditionally, such as in Newtonian gravity and atomic and molecular physics [1], the inter-
action of an N -particle system is described by pair potentials. In the case of gravity, with the
advent of classical general relativity, more general interactions are seen to occur, for exam-
ple, in the Einstein–Infeld–Hoffman equations 3-body interactions are present [2], even for
zero-particle velocities. Also, in scalar quantum field theories (QFT), when massive particles
are present, attractive and repulsive multi-body interactions are known to occur [3–7]. Here,
the interaction of particles can be described through the Bethe–Salpeter (B–S) equations,
which is the QFT counterpart of the non-relativistic resolvent equation for the Schrödinger
Hamiltonian operator.
In the early description of nuclear forces in QFT, the phenomenological, effective Yukawa
model also displays multi-particle interactions when considered at the perturbation level. As
well, the standard approximation of continuum spacetime QCD, describing quark and gluon
interactions on a lattice, in the strong coupling regime, also shows the occurrence of multi-
particle interactions between baryons and mesons [8,9] (and refs. therein).
Motivated by our long standing program to determine bound states in lattice QCD (LQCD),
from first principles, one of our goals is to understand the binding and stability of hadron sys-
tems at nuclear physics energy scale. In this context, here we are interested in understanding
the role of 2 and 3-body interactions in determining the stability of quantum Hamiltonian
models, arising from QFT, for a system of N interacting particles.
In this context, here we are interested in understanding the role of 2 and 3-body interactions
in determining the stability of model quantum Hamiltonians, arising from QFT, for a system
of N interacting particles. In LQCD, contact interactions take place, and are replaced by
short-range interactions which play important roles in the continuum. For simplicity, here we
consider quantum lattice Hamiltonians with point potentials, expecting to be able to extend
the analysis to short-range potentials in the near future.
Returning to scalar QFT, with scalar fields in d space dimensions, using an Euclidean
imaginary-time functional integral formulation, the standard Osterwalder–Schrader construc-
tion provides us a physical Hilbert space H and mutually commuting self-adjoint energy
H > 0 and spatial momentum operators P = (P1, . . . , Pd). The joint spectrum of H and
P is called the energy-momentum spectrum and the spectral points at zero spatial momenta
are the particle masses [10]. For d = 1, the theory has been proven to exist for Wick-ordered
local even polynomial (bounded from below) interactions λ :P(φ):, 0 < λ  1. Formally,
the partition function is the integral
Z =
∫
exp
[
−λ
∫
:P(φ(x)):dd+1x
]
dμC (φ),
with a mean-zero Gaussian measure dμC (φ) of covariance C = [− + m2]−1, where 
is the continuum spacetime Laplacian. It is also shown that single massive particles exist, a
particle being identified with an isolated dispersion curve in the energy-momentum spectrum,
i.e. by showing lower and upper gap properties.
Going further up in the spectrum, above the particle of (interacting) massm(λ), correlation
inequalities show there are no 2-particle bound states for P(φ) = φ4. However, still for
d = 1, if P(φ) = φ6 − φ4, it is shown [4] that a 2-particle bound state exists below the free
2-particle energy threshold, as a consequence of a dominant, attractive ladder-approximation
contact interaction which appears in the B–S kernel. Recalling that the contribution of the
φ6 monomial only appears at order λ2, a non-relativistic approximation model that includes
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a 2-particle interaction is the spatial 2-body Schrödinger Hamiltonian
H2 = 2m − [(1 + 2) /2m] − λδ(x1 − x2),
where λ > 0, x1, x2 ∈ R and (−i/2m), i = 1,2, are the kinetic energy of the two equal (rest)
mass m particles. From this, for an approximate N -particle Hamiltonian, it is natural to take
(λ > 0),
HN = Nm −
∑
i=1,...,N
(i/2m) − λ
∑
1≤i< j≤N
δ(xi − x j ).
In [11], however, an exact result for the d = 1 quantum mechanical ground sate energy is
derived to be ≈ −cN 3, c > 0, implying that HN is physically unstable and leads to a collapse
collapse of the particles at a single point.
Returning to QFT and the functional integral of correlations with P(φ) = φ6 − φ4, we
recall that the φ6 term is essential for thermodynamic stability [12], i.e. the existence of the
free energy [13] as, for example in the -lattice,  small, and finite-volume approximation,
there is a e−λ
∫
φ6 factor for each site, which gives a convergent site integral over the field.
An analysis of the 3-body bound state problem for the d = 1, λ(φ2n − φ6) Euclidean
model (n ≥ 4 for convergence of the functional integral for arbitrarily large fields) is carried
out in [5,7], using a B–S equation for a suitably truncated 6-point correlation D. Here, the
effect of the λφ6 term is to give an order λ attractive 3-body contact delta interaction. Taking
the B–S equation
D = D0 + D0K D,
to order λ (D0 is the sum of products of three 2-point functions and K the associated B–S
kernel), in Euclidean momentum space, setting the system spatial momentum to zero, and
integrating over the temporal momentum component, a Hamiltonian operator is obtained as
(Dˆ)−1 = (Dˆ0)−1 − Kˆ .
The eigenvectors in the null space of (Dˆ)−1 satisfy
S2ψ(p1, p2)−cλ SQ
∫
ψ(p′1, p′2)dp′1dp′2 =−(k0)2ψ(p1, p2), (1)
where S ≡ ω1 + ω2 + ω3, Q ≡ ω1ω2ω3, p1 and p2 are related to the individual particle
momentum r1, r2, r3 by p1 = r1, r2 = −p1 + p2, r1 + r2 + r3 = 0,
ωi ≡ ωi (p1, p2) = [ri (p1, p2) + m2]1/2,
and, lastly, k0 = i(3m − ),  > 0. A solution to Eq. (1) gives a 3-body bound state with
binding energy  > 0 and is
ψ(p1, p2) = S/[Q(S2 + (k0)2)],
provided that we have
1 − λ
∫
ψ(p1, p2)dp1dp2 = 0,
which determines the binding energy. The integral is finite. However, after a non-relativistic
approximation in Eq. (1) and in position space u = (u1, u2) the ill-defined operator [− −
λc′δ(u)] results and the integral in the binding energy equation diverges for large momentum.
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To incorporate the 3-body potential, we write for our N -particle Hamiltonian (for ν ≥ 0)
HN = Nm −
N∑
i=1
i
2m
− λ
∑
1≤i< j≤N
δ(xi − x j ) + ν
∑
1≤i< j<k≤N
δ(xi − x j )δ(x j − xk)
≡ Nm + TN + VN
(2)
where TN ≥ 0 is the kinetic energy and VN ≡ VN ,2 + VN ,3 is a sum of the 2 and 3-body
point potentials. From the point of view of operators in quantum mechanical Hilbert spaces,
the HN are not operators at all, due to the singular delta distribution. However, for ν = 0, HN
is defined as a quadratic form sum [14], where the pair potential is relative form bounded,
with respect to the kinetic energy form, with relative bound less than 1. It can be shown that
the 3-body Hamiltonian obtained in Eq. (1) can also be defined as a form sum.
First, we want to understand, from the point of view of an approximate Hamiltonian for
the N -particle sector of the QFT, how stability arises. Expecting to maintain the main low-
energy spectral features of the N -particle system, we consider a system in the d-dimensional
space and take a lattice approximation, to which we keep the same notation as in Eq. (2),
but neglecting the rest energy, and with the kinetic energy in TN ≥ 0 replaced by its lattice
equivalent (p2/2m), where p
2
,i ≡ 2(1 − cos pi ), i = 1, . . . , d , pi ∈ (−π, π] are the lattice
momentum components, and the Dirac delta distributions in VN are replaced by Kronecker
deltas. In this lattice version, all terms of HN given by
HN = TN + VN
=
N∑
i=1
p2,i
2m
− λ
∑
1≤i< j≤N
δxi ,x j + ν
∑
1≤i< j<k≤N
δxi ,x j δx j ,xk , (3)
are bounded operators on the symmetric (under particle position permutations) subspace of
the space 2(Zd).
Before proceeding, we let σ(A) denote the spectrum of the self-adjoint operator A and
σ(A) be its infimum. For the lattice HN , we see that
HN ≥ VN ≥ VN ,2 ≥ −λ [N (N − 1)/2], (4)
where we repeatedly used σ(A + B) ≥ σ(A) + σ(B) to obtain the last inequality, and
[N (N − 1)/2] is the number of pairs from the N particles. For VN ,3 = 0, a variational
calculation with all the particles at the same site shows that
σ (HN ) ≤ (2dN/m) − λ [N (N − 1)/2] .
Hence, HN is still unstable but not as unstable as the equivalent Hamiltonian on the continuum,
which has a N 3 lower bound.
Now, VN ,3 has [N (N − 1)(N − 2)/6] terms, each one representing a positive repulsive
3-body potential, which should dominate the [N (N − 1)/2] attractive pair potential terms
and lead to physical stability. Our result on stability is given by the following:
Theorem 1 Consider the self-adjoint lattice Hamiltonian operator HN of Eq. (3), on the
symmetric subspace of square summable functions 2(Zd), with TN and VN given by Eq. (2).
The following spectral results hold:
(a) For ν = 0,
−λN (N − 1)
2
≤ σ (HN ) ≤ 2dN
m
− λN (N − 1)
2
,
so that HN is unstable;
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(b) For ν > 0, HN is stable. Let γ ≡ ν3λ , then σ (HN ) ≥ − λ8γ (1 + γ )2N;
(c) ν > 0, σ (HN ) ≥
{
−λ N (N−1)2 , N ≤ (1+γ )
2
4γ + 1
−λ N8γ (1 + γ )2 , otherwise ;
(d) for ν ≥ 3λ (γ ≥ 1) σ (HN ) ≥ −λ N2 .
As to not interrupt the flow of the text, we have relegated the proof of Theorem 1, as well
as the ones for the following Theorems 2 and 3, to Sect. 2.
Remarks
(i) Of course, the statement of (a) is physically expected. It leads the system to collapse
and all the particles occupy the same lattice site.
(ii) The result for (b), ignoring the kinetic energy, agrees with the configuration energy
where there are (N/km) sites (distinct), with each site repeated exactly km ≡ (γ −1 +
3)/2 times, where we assume that km and (N/km) are integers.
(iii) For (d), if we have (N/2) distinct sites, N even, each distinct site occurring exactly
twice in the configuration then the configurational energy VN ,2 for each such site is
(−λ).
(iv) For γ = 1, the coefficients of N in (b) and (d) agree to the value (−λ/2).
Second, in the following, we present some additional, physically new and non-intuitive
results regarding the spectrum of VN and its ground state configurations. We begin by pointing
out that, since VN is a multiplication operator, for a particle position configuration C =
(y1, . . . , yN ), VN (C) is a point in the spectrum of VN (not necessarily its minimum!) and
σ(VN ) = ∪CVN (C). Also, any lattice translation of C has the same spectrum. For N taking
values up to km ∈ R, we can improve the quadratic lower bound for σ(HN ). For simplicity,
we choose γ such that km = (γ −1 + 3)/2 is an integer. Consider the configuration with all
N particles occupying the same site. For this configuration,
VN = −λN (N − 1)
2
[1 − (N − 2)γ ] = −λN f (k = N ),
where we have introduced the function
f (k)≡ k − 1
2
[1 − γ (k − 2)]=−γ
2
(k − km)2 + f (km) , k ∈ R. (5)
That this configuration gives σ(VN ), we state as:
Theorem 2 For N ≤ km, we have σ(VN ) = −λN f (N ). For N = rkm, r = 1, 2, . . .,
(−λrkm f (km)) ∈ σ(VN ).
For N > km , computer calculations indicate that σ(VN ) = −λN f (N ), up to N = ks ≡
4km/3, so that [ σ(VN )/N ] is increasing for N ∈ [km, ks]. Similarly, we see that σ(VN )/N
decreases for N ∈ [ks, 2km]. As f (N ) decreases monotonically for N ∈ [ks, 2km], σ(VN )
no longer corresponds to the configuration with all particles at the same site.
The value N = ks is especially interesting. The configuration energy with m particles at
one site and n at another, with n +m = ks ; n,m = 0, . . . , ks , has the same energy as m + n
particles at a single site. Hence, the multiplicity associated with this spectral point is no longer
one. In Fig. 1, we depict [ σ(VN )/N ] versus N . This is done for γ = (1/21), complemented
by computer computations. More precisely, the points plotted in Fig. 1, for 1 ≤ N ≤ km and
for rkm , r = 1, 2, . . . , are proven to minimize the energy per particle. Also, the saturation
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Fig. 1 [ σ(VN )/N ] versus N , for γ = 1/21, km = 12 and λ = 1
value N = Ns is proven to be a point in the spectrum and to have the multiplicity as stated in
Theorem 3 below. The other points shown in Fig. 1 are determined by computer calculations.
For fixed N , the energy of all configurations is calculated and the one of minimum energy is
depicted in the figure. We get km = 12, so that ks = 16. It is to be noted that, for 1 ≤ N ≤ ks ,
surprisingly, the curve behaves qualitatively like the well-known curve describing minus the
nuclear binding energy per nucleon. The peaks for N ≥ 24 occur approximately midway
between the minima at rkm and (r+1)km , r = 2, 3, . . .; and the curve shows a linear behavior
around and sufficiently close to these peaks. The ground state multiplicity is one, except for
the Ns ≡ ks = 16, where it is 9. Another physically non-intuitive result is that there exists a
saturation value N = ks leading to degenerate fission product-like states with two fragments
or clusters of particles. The multiplicity result for σ(VN ), for N = Ns , is a consequence of
the sum of areas law for a parabola and can be stated as follows:
Theorem 3 The configuration with r ≥ 0 particles at one site and s ≥ 0 particles at another
site has the same energy as all r + s particles at a single site if r + s = ks = (4km/3),
km ≡ (γ −1 + 3)/2. There are [(2km/3) + 1], ks even, such configurations.
We expect the degeneracy to be partially or totally lifted when the kinetic energy is
included. The appearance of the pairs of m and n clumps is reminiscent of fission products
so that ks is the largest number of particles that can form a bound state (saturation). Also,
in contrast with most low-energy scattering processes, which are elastic, when the process
involves the total number of particles Ns , there will be many channels. For example, with an
r -particle and a s-particle incoming state, the outgoing states are described by all r ′, s′, with
r ′ + s′ = ks .
We now give a physical interpretation of the curve shown in Fig. 1. By Theorem 2, we
know that the value at N = rkm is a point in σ(VN ). The associated configurations correspond
to r clusters of km particles at a site, which we call a km-cluster. Furthermore, for N = j Ns ,
j = 2, 3, . . ., the energy density value for N = Ns = 16 is also a point in the spectrum (but
not a ground state), and corresponds to configurations of j r -clusters and j s-cluster, i.e. j
repetitions of the N = Ns configuration. We can ask how the particles are distributed as we
move away from rkm between peaks. The answer is that the number r of clusters does not
change, only the number of particles in each cluster changes in such a way as to minimize
the energy. The interval corresponds to a region with constant number of clusters, namely
r . For r > (km/2), as we move to the right (left) of rkm , one particle is successively added
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to (removed from) distinct clusters. For r < (km/2), after one particle has been taken out
from (or added to) each cluster, then a second particle is successively taken out from (or
added to) each cluster. This procedure is continued until we reach the desired value of N .
We have formulas for the energy of these configurations, especially simple for r > (km/2)
or r < (km/2) and N between (rkm − r) and (rkm + r). We write N (s) = rkm + s,
(−km/2) ≤ s ≤ (km/2), then we have
σ (VN (s))
N (s)
= −λ
[
f (km) − γ |s|
2(rkm + s)
(
km + s|s|
)]
,
which is approximately linear in |s|, |s|  rkm , and monotonically increasing in |s|. Also,
using this formula, it can be shown that, upon approaching a peak from the left or right, the
curve is approximately linear with a discontinuity of the slope at the peak.
2 Proofs of the Theorems
To prove Theorem 1, we first note that, in the proof of all lower bounds, we can neglect the
kinetic energy operator since HN ≥ VN ,2 + VN ,3 = VN . The proof of the lower bound in (a)
uses (4).
The upper bound comes from a variational calculation taking for a trial function the
product of characteristic functions of a single site. For (c), we use (4) combined with (b)
and note that the bounds become equal for N = 1 + [(1 + γ )2/4γ ]. For (b) and (d), it
is convenient to work with an occupation number representation of the VN -spectrum. To
establish this representation, we first decompose the configuration C into r distinct sites,
and let k = 1, . . . , N be the number of repetitions of a given site. Then, we denote by n(k)
the number of lattice sites among the r sites that have k repetitions, so that n(k) takes the
values 0, 1, . . . , N . In other words, n(k) gives the number of distinct sites that are occupied
by exactly k particles. We have the constraint
∑
k=1,...,N kn(k) = N and, since the numbers
of possible pairs and triples among k particles are [k(k − 1)/2] and [k(k − 1)(k − 2)/6],
respectively, we obtain
VN (C) = −λ
N∑
k=1
k(k − 1)
2
n(k)
[
1 − γ (k − 2)]
= −λ
N∑
k=1
kn(k) f (k).
with f (k) given in Eq. (5).
It is useful to express these formulas in terms of the variables xk ≡ kn(k) ∈ {0, . . . , N },
multiples of k. In terms of these variables, the constraint becomes
∑
k=1,...N xk = N . To see
how it works, we give an example for N = 16 and dimension d = 1. Consider the N =
16 configuration C = (y1, . . . , y16) given by (5, 5, 3, 3, 3, 5, 5, 1, 1, 1, 1, 2, 2, 4,−1,−1).
There are r = 6 distinct sites present, namely, −1, 1, 2, 3, 4, 5, with respectively the number
k = 2, 4, 2, 3, 1, 4 of repetitions each. The number of sites, among the r sites, with k
repetitions is n(1) = 1, n(2) = 2, n(3) = 1 and n(4) = 2, and ∑k=1,...16 xk = (1 × 1) +
(2 × 2) + (3 × 1) + (4 × 2) = 16 = N .
With this, VN (C) = −λ∑k=1,...N f (k)xk . Thus, (b) follows immediately since f (km) ≥
f (k) leading to
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VN (C) ≥ −λ
N∑
k=1
f (km)xk = −λ f (km)N .
For (d), we use f (1) = 0, f (2) = 1/2, f (k ≥ 3) < 0, so that VN (C) ≥ −λ f (2)x2 ≥ − λ2 N ,
since x2 = N − x1 − x3 − . . . − xN .
This ends the proof of Theorem 1 and we now prove Theorem 2. Upon substituting
xN = N − (x1 + . . . + xN−1) in the potential, and noting that f (k) is strictly increasing for
k ≤ km , we have
VN + λ f (N )N = λ
N−1∑
k=1
[( f (N ) − f (k))xk] ≥ 0.
Thus, the minimum value zero of VN + λ f (N )N is attained if and only if xk = 0, k =
1, . . . , N − 1.
Theorem 3 also has a simple proof. It is enough to show that, for r + s = ks , the function
g(r) ≡ r f (r), for r ∈ R, is additive. To show that indeed g(r) + g(s) = g(r + s), we note
that the k-independent terms in f (k), f (km) and (−γ k2m/2) cancel. Then, we are left with
showing that r(r − km)2 + s(s − km)2 = (r + s)(r + s − km)2, which reduces to r + s = ks .
3 Concluding Remarks
In closing, we remark that up to now we have considered the problem of stability of N -particle
systems, with no spin, and subject to 2 and 3-body contact interactions. Our result indicates
it may not be physically reasonable, as commonly assumed in many systems, to consider
only pair potentials and neglect three and higher-body interactions, otherwise the system may
exhibit collapse with all particles occupying a same site. This is physically expected and is
in agreement with [15–18]. Furthermore, using an occupation number representation, as the
one given above, when a repulsive 3-body contact interaction is present, the system becomes
stable and the minimal energy per particle behaves qualitatively as minus the nuclear binding
energy per nucleon in the atomic nuclei. Also, it turns out that there exists a saturation value
Ns of the particle number N , with the Ns particles distributed into two fragments of size N f
and Ns − N f , N f = 0, 1, . . . Ns − 1 with the same total energy.
With our methods, we can also treat n-body contact interactions, n ≥ 4, and short-range
interactions, as well. Other important questions are also open as e.g. the effect of multi-particle
interactions on the spectrum after inclusion of the kinetic energy.
Here, we have treated a simple scalar model. The motivation for analyzing this problem is
that the same spectral questions we treated here also arise in more complex models. This is
the case of quantum field theory. For instance, when dealing with spin zero scalar fields φ, the
formation of e.g. 2 and 3-particle bound states depend at least on a 2 and 3-body potentials
coming from the φ4 and φ6 interactions.
The same happens in QCD or LQCD and is an essential problem to understand nuclear
physics from first principles, i.e. starting with quarks, gluons and their dynamics. In QCD,
the point interactions treated here in our simplified case become short-range interactions, and
also additional effects arising from the infinite repulsion associated with the Pauli exclusion
principle occur, as hadrons are composed of fermionic quarks, and also because baryons
are themselves fermions, and baryons and mesons are made of fermionic quarks. These
modifications drastically change the phenomenological effective field picture used in Yukawa
theory.
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Of course, it is of interest to uncover QCD bound states, show which states are present
in the particle spectrum, check if confinement is respected, and understand the nature of
the binding interactions and their dependence on the individual quark, gluon and hadron
quantum numbers. In [8], and refs. therein, 2-baryon and 2-meson bound states are proved
to exist, from first principles, in strongly coupled LQCD [19–21]. Finally, considering QCD
and neglecting the Coulomb repulsion among nucleons, what is the role of multi-particle
interactions on the binding energy per nucleon behavior?
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